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Abstract
We consider the first laws of thermodynamics for a pair of systems made up of the two horizons of a Kerr–Newman black
hole. These two systems are constructed in such a way that we only demand their “horizon areas” to be the sum and difference
of that of the outer and inner horizons of their prototype. Remarkably, these two copies bear a striking resemblance to the right-
and left-movers in string theory and D-brane physics. Our reformulation of the first law of black hole thermodynamics can be
thought of as an analogy of thermodynamics of effective string or D-brane models.
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Open access under CC BY license.It is well known that black hole thermodynamics
was established in the late 1960s and 1970s through a
close analogy between the ordinary laws of thermo-
dynamics and certain laws of black hole mechanics
[1]. In particular, the first law of black hole thermody-
namics is formulated as a relationship between the first
order variation of the horizon area and those of global
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Open access under CC BY license.charges [2] such as the mass, angular momentum, and
electric charge. The first law makes it possible to as-
sign an entropy to the horizon area and a temperature
to the surface gravity.
Since statistical mechanics requires to provide
a reasonable microscopic description to the macro-
scopic thermodynamics of black holes, the micro-
scopic statistical derivation of black hole entropy [3]
plays a crucial role in our understanding the puzzle of
its origin problem [4,5]. In the context of dual con-
formal field theory [6], Carlip [7] argued that black
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tropy are controlled universally by the near-horizon
conformal symmetry. This symmetry should play an
important role in explaining the black hole phenom-
ena. Many evidences from the studies of dynamic
processes such as Hawking radiation [8], greybody
factors [9], and more recently quasinormal modes as
well as non-quasinormal modes [10] strongly suggest
that Carlip’s method may take effect on the subject.
Recent developments in string theory (especially
D-brane physics) have provided another fruitful frame-
work to consider quantum properties of black holes.
The D-brane technology [5] counts the microstates for
the entropy by representing black holes as bound states
of D-branes that carry the same energy and charges as
the black hole. It is also possible to apply the black
hole/string correspondence principle [11] to under-
stand the microscopic origin of black hole entropy.
In the spirt of this principle, black holes can be mod-
elled by effective or fundamental strings [12] or be
described microscopically as quantum states in string
theory. In this way, the black hole entropy is attributed
to the sum of contributions from right- and left-moving
excitations of the string states.
A characteristic feature of effective strings or D-
branes is that their spectrum divides into two distinct
sectors associated with the right (R) and left (L) mov-
ing excitations, respectively. The entropy of a system
consisting of these two weakly-coupled R- and L-
moving modes is the sum of two contributions: S =
SR + SL. The temperature of this combined system is
the harmonic mean of that of its parts:
(1)2
TH
= 1
TR
+ 1
TL
,
and usually it is identified with the Hawking tempera-
ture of a black hole.
The temperature formula (1) appears frequently in
the studies of black hole dynamic phenomena such as
absorption cross section, emission rates, decay rates,
greybody factors [9], and moreover quasinormal and
non-quasinormal modes [10]. It is our curiosity to
understand why its appearance is so universal in all
the cases. In what follows, we present a thermody-
namic framework to appreciate it. To do so, we take
a new look at the classical thermodynamics of a Kerr–
Newman (KN) black hole [13] and wish to seek some
clues on relating it with string theory, especially withthe effective string/D-brane picture of black holes in
a pure thermodynamic side. Specifically, we consider
the first laws of thermodynamics of a pair of systems
constructed from the two horizons of a KN black hole.
It is interesting to observe that these two systems bear
a striking resemblance to the right- and left-movers
in string theory and D-brane physics. We also point
out that there exists a close relationship between the
thermodynamics of these systems and that of effective
string or D-brane models. (A remarkable advantage of
our discussion presented here is that it relies on the va-
lidity in that the laws of black hole mechanics does not
depend upon the details of the underlying dynamical
theory, even without knowledge of fundamental string
theory.)
To begin with, recall that the usual thermodynam-
ics of a four-dimensional charged rotating (KN) black
hole with three classical parameters: the mass M ,
charge Q, and angular momentum J = Ma. For our
discussion here, we only focus on the first law of black
hole thermodynamics in this most general case. It is
essentially formulated as the Bekenstein–Smarr (BS)
differential mass formula [14]:
(2)dM = 1
2
κ dA+ Ω dJ + Φ dQ,
where κ , Ω , and Φ denote, respectively, the surface
gravity, angular velocity, and electrostatic potential of
the event horizon of a KN black hole. (Here and here-
after, units are adopted where G = c = h¯ = kB = 1,
and it is more economical to use the notation of a
“reduced” horizon area A = A/(4π) rather than the
horizon area A, so that the Bekenstein–Hawking en-
tropy is S = A/4 = πA.)
The KN black hole has two horizons: the in-
ner(Cauchy) horizon r− = M −  and the outer(event)
horizon r+ = M + , where  =
√
M2 − Q2 − a2.
In particular, the thermodynamics associated with the
outer event horizon of the black hole is related to the
fundamental process of Hawking radiation. Similarly,
one can prove that the thermodynamics of the inner
Cauchy horizon is associated with another quantum
process of Hawking “absorption” [15,16]. Namely, for
an observer rest at the infinity he observes a net flux
of Hawking radiation outgoing from the event horizon
to the infinity, while for an imaginary observer inhab-
iting in the intrinsic singular region (0 < r < r−), he
will observe a flux of Hawking “absorption” ingoing
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zon. Because a KN black hole is stationary, its outer
horizon is in thermal equilibrium with the thermal ra-
diation outside the black hole. We think that its inner
horizon is certainly in thermal equilibrium with the
thermal radiation in the intrinsic singular region also
[15].
As is well known, the outer horizon of a KN black
hole is treated as a single thermodynamical system,
and the conventional four laws of thermodynamics are
just stated for this system. Similarly, if one treats the
inner horizon as an independent thermodynamical sys-
tem, one can establish another four laws of thermo-
dynamics for the inner horizon also [16]. The well-
known BS integral and differential mass formulae for
the first laws of thermodynamics corresponding to the
inner and outer horizons of a general, non-extremal
KN black hole are given by [15–17]
M = κ±A± + 2Ω±J + Φ±Q,
(3)dM = 1
2
κ±dA± + Ω±dJ + Φ±dQ,
where the “reduced” horizon area A± = r2± + a2 =
2Mr± − Q2, while the surface gravity κ±, angular
velocity Ω±, and electric potential Φ± at the two hori-
zons are [16]
κ± = r± − MA± =
±
A± , Ω± =
a
A± ,
(4)Φ± = Qr±A± ,
respectively. In general, the BS integral and differen-
tial mass formulae can be derived from Christodoulou
mass-squared formula [18] for the reversible and ir-
reversible processes by using thermodynamical rela-
tions. Specifically to a general, non-extremal KN black
hole, the Christodoulou formula reads
M2 = A+ +A−
4
+ Q
2
2
(5)= A±
4
+ 4J
2 + Q4
4A± +
Q2
2
.
From the identity (5), one can derive the expressions
for the three thermodynamical quantities in Eq. (4) by
the following thermodynamical relations
κ± = 2 ∂M
∂A±
∣∣∣∣ , Ω± = ∂M∂J
∣∣∣∣ ,J,Q Q,A±(6)Φ± = ∂M
∂Q
∣∣∣∣
J,A±
.
Note that a negative temperature is ascribed to the in-
ner horizon here, which is consistent with Ref. [19]
where Hayward pointed out that the use of a nega-
tive surface gravity for the inner horizons is natural
for dynamical horizons. Conventionally people assign
a positive temperature to the inner horizon in the lit-
erature, however such an assignment is inconsistent
with the unified form (6) of thermodynamical defin-
ition of temperatures for the outer and inner horizons
unless one endows the inner horizon with a negative
mass or a negative area (or entropy). The latter is rather
unnatural, whereas abnormal negative (spin) tempera-
tures do exist in nature. As early as in 1979, Curir et
al. [17] interpreted the temperature of the inner hori-
zon of a Kerr black hole as a spin temperature. So the
inner horizon can be interpreted as an abnormal neg-
ative temperature system due to κ− < 0 [16,17], and
moreover it is much “hotter” than the outer horizon as
|κ−| > κ+ [16]. To provide a better mechanism to ex-
plain the source of Hawking radiation from the outer
horizon of a Kerr(–Newman) black hole [15], a neg-
ative temperature of the inner horizon (“hotter” than
the positive temperature of the outer horizon) is also
needed.
As a KN black hole is a system of two horizons,
one should consider both of them for the sake of com-
pleteness. Considerable research [12,15–17] has con-
firmed this point. For instance, the importance of the
inner horizon is also emphasized in the viewpoint of
string theory [12]. Just as did in Ref. [15], we may
think a KN black hole can be regarded as a composite
thermodynamical system composed of two indepen-
dent subsystems, its outer and inner horizons [15]. For
each subsystem, the entropy of each horizon is pro-
portional to its horizon area, and the temperature is
proportional to its surface gravity, namely, S± = πA±,
and T± = κ±/(2π).
Now we present our main idea. Using the original
inner and outer horizons as blocks, we can construct
two new thermodynamical systems called respectively
as the R-system and L-system by demanding their “re-
duced” areas to be the sum and difference of that of
the outer and inner horizons of a KN black hole
AR =A+ +A− = 4M2 − 2Q2,
(7)AL =A+ −A− = 4M.
254 S.-Q. Wu / Physics Letters B 608 (2005) 251–257This idea is indeed supported by researches done in
Ref. [12] from the viewpoint of string theory, how-
ever it is reverse to the observation made in Ref. [12]
where the left- and right-moving thermodynamics of
the string theory correspond to the sum and the differ-
ence of the outer and the inner horizon thermodynam-
ics.
The purpose of this Letter is to see whether or not
we can understand the first law of thermodynamics of
the original KN black hole through exploring the ther-
modynamic features of these two new systems. In one
way we identify each system with a black hole. As
the original motherboard carries three classical hairs
(M,Q,J ), by the definition of our systems, it is im-
mediately recognized that the R-system carries only
two hairs (M,Q), and the L-system carries three hairs
(M,Q,J ).1 So they are two distinct copies describ-
ing two different kinds of black holes. In particular,
there exists an asymmetry of angular momentum be-
tween the R- and L-systems as we shall see below. The
disappearance of angular momentum in the R-system
and its presence in the L-system imply that the black
hole degrees of freedom relevant for the near-BPS
excitations can be described by a (0,4) chiral super-
conformal field theory with an SU(2) current algebra
associated to rotations [9].
It is now a position to reveal the thermodynamic
properties of our new systems. To investigate their
thermodynamic features in detail, let us focus firstly
on the R-system. For this system, the Christodoulou-
type mass-squared formula is simply written as
(8)M2 = AR
4
+ Q
2
2
.
From this relation, it is easily to deduce the integral
and differential BS mass formula as follows:
M = AR
4M
+ Q
2
2M
= κRAR + ΦRQ,
(9)dM = dAR
8M
+ QdQ
2M
= 1
2
κR dAR + ΦR dQ,
1 In fact, the masses of the two systems need not be equal, and
each system can have a mass different from M . For example, one
can label the R-system by two charges (αM , αQ) and the L-system
by three hairs (βM , βQ, β2J ), where α and β are two arbitrary
constants satisfying α + β = 2. For briefness, here we take α =
β = 1 without loss of generality. The basis of this assumption lies
in the thermodynamic scale of temperature, which states that the
temperature is determined up to an arbitrary factor [20].where the surface gravity κR = 1/(4M), and electric
potential ΦR = Q/(2M) can also be obtained by the
following thermodynamical definitions
κR = 2 ∂M
∂AR
∣∣∣∣
Q
= 1
4M
= AL ,
(10)ΦR = ∂M
∂Q
∣∣∣∣AR =
Q
2M
= 2QAL .
The R-system can be viewed as describing a non-
rotating charged black hole with mass M and charge
Q, while its entropy and temperature being given by
SR = πAR = π(A+ +A−) = S+ + S−
= 2π(2M2 − Q2),
(11)TR = κR2π =
1
8πM
.
It is not difficult to recognize that this system is
thermodynamically equivalent to the GHS dilatonic
black hole [21] with the dilaton parameter φ0 = 0,
whose horizon is at rh = 2M , surface gravity is κh =
1/(4M), and “reduced” horizon area is just Ah =
rh(rh − Q2/M) =AR.
Now we turn to the L-system. The above derivation
is also applicable to this case, but involved some alge-
bras. The corresponding Christodoulou-type formula
is given by
(12)M2 =
Q2 +
√
Q4 + 4J 2 +A2L/4
2
,
and the first law is formulated as follows
M = κLAL + 2ΩLJ + ΦLQ,
(13)dM = 1
2
κLdAL + ΩLdJ + ΦLdQ,
where the surface gravity κL, angular velocity ΩL, and
electric potential ΦL for this system are determined by
the following thermodynamical expressions
κL = 2 ∂M
∂AL
∣∣∣∣
J,Q
= AR =
√
M2 − Q2 − a2
4M2 − 2Q2 ,
ΩL = ∂M
∂J
∣∣∣∣
Q,AL
= 2aAR =
a
2M2 − Q2 ,
(14)ΦL = ∂M
∂Q
∣∣∣∣
J,AL
= 2QMAR =
QM
2M2 − Q2 .
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tity A+A− = (A2R − A2L)/4 = Q4 + 4J 2 might be
used.
The L-system can represent a rotating charged
black hole with mass M , charge Q, and angular mo-
mentum J , its entropy and temperature are given by
SL = πAL = π(A+ −A−) = S+ − S−
= 4πM
√
M2 − Q2 − a2,
(15)TL = κL2π =
√
M2 − Q2 − a2
4π(2M2 −Q2) .
An important feature of the L-system is that it can
reflect the extremality of a KN black hole when it ap-
proaches to its extremal limit (namely, the extremal
KN black hole).
It is remarkable to seek the relations between the
temperatures of the two newly-constructed systems
and those of the two horizons of the original KN black
hole. It is easy to obtain the following relations
1
κR
= AL

= A+ +A−

= 1
κ+
+ 1
κ−
,
(16)1
κL
= AR

= A+ −A−

= 1
κ+
− 1
κ−
,
which have an exact correspondence in string theory
and D-brane physics [9]. In particular, κ+ has the same
harmonic mean relation as TH in Eq. (1). In addition,
we find that the angular velocities and electric poten-
tials between the new and old systems are related by
2
ΩL
= AR
a
= A+ +A−
a
= 1
Ω+
+ 1
Ω−
,
ΦR = Φ+ + Φ−2 +
(
κR
κL
)
Φ+ − Φ−
2
,
(17)ΦL = Φ+ + Φ−2 +
(
κL
κR
)
Φ+ − Φ−
2
.
Note that there is an asymmetry of angular momen-
tum between the R- and L-systems. This fact reflects
that unlike the 5-dimensional case, the addition of
angular momentum in four dimension always breaks
the right-moving supersymmetry [9]. Without rota-
tion, the D-brane description of an extremal Reissner–
Nordström black hole can be modelled by a (1 + 1)-
dimensional field theory which turns out to be a (4,4)
superconformal sigma model. When the angular mo-
mentum is included, a black hole can be extremal,but supersymmetry is broken, leaving us with a (0,4)
superconformal symmetry [9]. The N = 4 supercon-
formal algebra gives rise to a left-moving SU(2) sym-
metry of the original (4,4) chiral superconformal field
theory. The (0,4) chiral supersymmetry algebra con-
tains an SU(2)R symmetry, which in fact is the same
SU(2) symmetry of global spatial rotations—a sym-
metry of the Hilbert space of black hole states. The
charge under one U(1) subgroup of this SU(2) group
will then be related to the four-dimensional angu-
lar momentum carried by the left movers. The right
movers, however, cannot carry macroscopic angular
momentum.
In the Schwarzschild black hole case, the R-system
and L-system are indistinguishable, both of them are
identical to its prototype. In other words, the two sys-
tems are in thermal equilibrium. It should be stressed
that the above reformulation of the first law of classi-
cal black hole thermodynamics are universal for large
classes of black holes in various dimensions. For a
Kerr–Sen black hole [22] arising in the low energy
effective heterotic string theory, one can obtain sim-
ilar results with some slight modifications. (A± =
2Mr± = 2M(M − b ± ε), Φ± = ΦR,L = Q/(2M) =
b/Q, where ε =√(M − b)2 − a2 in place of .) Sim-
ilar formulation can be established in the case of a
three-dimensional BTZ black hole [23] and in other
dimensions also.
Next we would like to point out that the above
R- and L-systems bear a striking resemblance to the
right- and left-movers in string theory and there exists
a close relationship between the thermodynamics of
these systems and that of effective strings or D-branes.
Our reformulation of the first law of black hole ther-
modynamics can be viewed as an analogy of thermo-
dynamics of effective string or D-brane models.
To make an analogy with string theory more trans-
parent, recall that the thermodynamical object often
studied in string theory and D-brane physics is an ef-
fective (1+1)-dimensional ideal gas system composed
of a pair of weakly-coupled, oppositely moving states.
(In the cases of D-branes, the R- and L-moving mass-
less open string states on a long brane constitute two
non-interacting one-dimensional gas of strings.) In
both cases, the effective spatial dimension is one, and
the combined system of effective string is divided into
two independent or weak coupling R- and L-sectors.
Each sector is a collection of excitation modes and
256 S.-Q. Wu / Physics Letters B 608 (2005) 251–257may be attributed to a gas of strings. The entropy of
the combined system is interpreted as a sum of two
independent microscopic contributions from R- and
L-moving modes, respectively.
Consider now the thermodynamics of effective
strings or D-branes. To this end, we assume that the
thermal equilibrium is maintained in each sector in-
dependently, so each sector can be endowed with an
effective temperature. Since massless particles in one
spatial dimension are either R-moving or L-moving,
all thermodynamical quantities can be split into a
R-moving and a L-moving piece: E = ER + EL, etc.
For simplicity, we only consider the energy and en-
tropy of two sectors and drop other thermodynamical
quantities (for example, by taking a vanishing chem-
ical potential). It follows that the first laws for the
R- and L-sectors take form
(18)dER = TR dSR, dEL = TL dSL.
Taking their sum and difference, we obtain
(19)dS± = dSR ± dSL = 1
T±
dE+ + 1
T∓
dE−,
where we introduce E± = ER ± EL, S± = SR ± SL,
and
(20)2
T+
= 1
TR
+ 1
TL
,
2
T−
= 1
TR
− 1
TL
.
We further assume that each sector carries en-
ergy ER = EL = M/2, then the total energy is E =
E+ = M , and the total momentum is conserved: P =
−E− = 0.2 Thus Eq. (19) reduces to dE = dE+ =
T±dS±. By comparing it with the formula dM =
1
2κ±dA± + · · · in Eq. (3) and observing that Eq. (20)
is essentially the same one as in Eq. (16), we establish
that
(21)T± = κ±2π , S± = πA± =
A±
4
.
We find that if the effective strings or D-branes
carry the same energy and charges as the black hole,
then their right- and left-moving thermodynamics cor-
responds exactly to the sum and difference of the
outer and inner horizons thermodynamics. This hints
that the effective string or D-brane picture of black
2 For simplicity, we take the total momentum P = 0 when it is
fixed: dP = 0.hole mechanics may be universal in all cases where
the correspondence between black holes and effective
strings/D-branes has been demonstrated. Indeed one
may identify the constructed R- and L-systems with
the R- and L-movers in string theory.3 In this way it
is natural to appreciate that black hole entropy can
be explained within string theory and D-brane physics
by prescribing a microscopic description for all black
holes.
In summary, we have proposed a set of new re-
formulations of classical black hole thermodynamics,
which bears a close analogy with “stringy” thermo-
dynamics. The newly-made systems resemble to the
R- and L-movers in string theory and D-brane physics
very much. In our opinion, this resemblance seems to
be of a true nature, so it provides a further evidence
to support the effective string/D-brane picture of black
holes in the pure classical thermodynamic side. The
formalism presented here suggests a plausible ther-
modynamic routine to understand why the mysterious
origin problem of black hole entropy could be resolved
in the framework of string theory and D-brane physics.
In addition, it may setup a bridge to synthesize various
related issues such as the near-horizon conformal sym-
metry [7], geometric “conformal field theory” [12],
quasinormal and non-quasinormal modes [10,24], and
black hole entropy as well as area spectrum [25], etc.
There is clearly much more to be understood.
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